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Generative Adversarial Networks (GANs) have been widely used to generate realistic-looking instances.
However, training robust GAN is a non-trivial task due to the problem of mode collapse. Although many
GAN variants are proposed to overcome this problem, they have limitations. Those existing studies either
generate identical instances or result in negative gradients during training. In this paper, we propose a
new approach to training GAN to overcome mode collapse by employing a set of generators, an encoder
and a discriminator. A new minimax formula is proposed to simultaneously train all components in a
similar spirit to vanilla GAN. The orthogonal vector strategy is employed to guide multiple generators
to learn different information in a complementary manner. In this way, we term our approach Multi-
Generator Orthogonal GAN (MGO-GAN). Specifically, the synthetic data produced by those generators are
fed into the encoder to obtain feature vectors. The orthogonal value is calculated between any two fea-
ture vectors, which loyally reflects the correlation between vectors. Such a correlation indicates how dif-
ferent information has been learnt by generators. The lower the orthogonal value is, the more different
information the generators learn. We minimize the orthogonal value along with minimizing the gener-
ator loss through back-propagation in the training of GAN. The orthogonal value is integrated with the
original generator loss to jointly update the corresponding generator’s parameters. We conduct extensive
experiments utilizing MNIST, CIFAR10 and CelebA datasets to demonstrate the significant performance
improvement of MGO-GAN in terms of generated data quality and diversity at different resolutions.

© 2020 Elsevier Ltd. All rights reserved.

1. Introduction

lem of mode collapse in which the generator only concentrates on
several, or even only one single, modes rather than all modes.

Generative Adversarial Networks (GANs) [1] are a class of deep
generative models that have been successfully applied to many
real-world applications [2-4]. A vanilla GAN consists of two com-
ponents, a discriminator D and a generator G. G learns to gener-
ate new candidates with the same statistical distribution as the
training samples, while D estimates the probability that a sam-
ple came from the training dataset rather than G. In the training
process, both components play a minimax game and contest with
each other until they reach the Nash Equilibrium. Although GAN
shows powerful generative capabilities [5,6], training robust GAN
is still a challenge because it can be easily trapped into the prob-
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When we use a neural network to map the real data from orig-
inal data space into the latent space, the mapped data points usu-
ally lie on areas with different sizes. We take the MNIST dataset
as the example. Some digits are represented over a very small area
and others over a much larger area [7]. It causes that each time the
neural network attempts to pick data points from the larger area
in the latent space, even though the sampling is random. In other
words, such a mapping renders that the model focuses on the data
points with large mapping area [8], missing many other modes.
Moreover, the Jensen Shannon Divergence is maxed out when the
generated data distribution (pg) and real data distribution (p,) have
a negligible overlapping area, resulting in vanishing gradient. Un-
der such a scenario, the generator apparently fails to capture all
the modes of the data, further aggravating mode collapse. The term
“mode” in our paper refers to the category and diversity within
the category. The category indicates the labels of instances, while
the diversity within the category indicates the diverse generated
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Fig. 1. Illustrative example of transformation from low dimension Z to high dimension x. The generator G(z) : Z — x with prior z ~ p,(z) expects to learn all modes of
original data, however, such a transformation is not surjective. Sub-figure (a) shows an example of a non-surjective transformation. In sub-figure (a), the disconnected red
lines indicate the different original data modes (e.g., categories ‘0’, ‘1’, etc.) while the blue curve indicates the learned modes by G. Sub-figure (b) shows the transformation
results. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

instances with the same label. Hence, mode collapse in our pa-
per indicates: 1) the vanilla generator cannot cover all categories;
2) the generated data within the same category tend to be iden-
tical. See Fig. 1 for a descriptive illustration of mode collapse. In
Fig. 1(b), there exists identical instances and categories 2’, ‘5’ and
‘6’ are not captured.

Although many GAN variants have been proposed to tackle
this problem, there are still challenges. Wasserstein GAN (WGAN)
[9] adopts wasserstein distance to measure the dissimilarity be-
tween real data distribution (p;) and generated data distribution
(p¢). However, the weight clipping method adopted by WGAN can-
not avoid information loss, resulting in capacity underuse issue
[10]. Spectral Normalization GAN (SN-GAN) [11] adopts spectral
normalization (1) to make discriminator Lipschitz continuous, so it
can reserve the weight array (W) information to the greatest extent
by using % However, since the 1-Lipshitz continuity is achieved
by Wij

i
specific color sub-space, rendering all generated objects taking the
same color. This can also be viewed as mode collapse.

The very recent attempt is to employ multiple generators to ad-
dress mode collapse, motivated by the limitations of single gener-
ator for learning different modes [12,13]. Multiple Generators GAN
(MGAN) [13] employs a mixture of generators and adopts “shared
parameters” method to simultaneously train all generators. Since
there are no restrictions enforcing generators to learn all modes,
these generators tend to learn the same modes, resulting in pro-
ducing identical instances. Considering the significance of these
challenges and the potential benefits of overcoming them, it is
worth to develop a novel approach to addressing the problem of
mode collapse.

In this study, we propose a novel approach to training multi-
generator model with orthogonal vectors. The distributions of gen-
erated data from multiple generators are jointly induced to a
mixture distribution for matching the original data distribution
while encouraging each generator to learn different information
of original data. To achieve this, we employ orthogonality strat-
egy [14,15] to construct orthogonal vectors based on the outputs
of generators, and enforcing orthogonal vectors contain different
information during training. Hence, we term our approach Multi-
Generator Orthogonal GAN (MGO-GAN). Initially, the generated data
of all generators are fed into an extra encoder to obtain feature
vectors. Then, we calculate the inner product between each pair
of feature vectors to obtain the orthogonal value, which loyally re-
flects the correlation between two vectors. The lower the orthogo-

the generated data would be inevitably mapped into a

nal value is, the more information the two vectors hold. The lower
orthogonal value also demonstrates how different information has
been learnt by the two generators. Therefore, we need to mini-
mize the orthogonal value during training, and this is achieved by
back-propagation along with minimizing the generator loss. After
that, the orthogonal value is integrated with the generator loss to
jointly update the corresponding generator’s parameters, rendering
this generator learning such information while other generators
hold less. A novel loss function is able to be established among
a set of generators, an encoder and a discriminator. Furthermore,
we provide theoretical analysis that the Jensen-Shannon (JS) diver-
gence [16] between the mixture distribution and the original data
distribution is minimal, and the orthogonal value between any two
feature vectors is also minimal.

In summary, the major contributions of this study are described
as follows:

o This paper proposes a novel MGO-GAN model which learns a
mapping function parameterized by multiple generators from
the randomized space to the original data space, overcoming
the problem of mode collapse.

This paper utilizes the back-propagation to minimize the or-
thogonal value in GAN and combine the orthogonal value with
the generator loss to jointly update the parameters of generator
from both theoretical and empirical perspectives, offering new
insights into the success of MGO-GAN.

Through comprehensive experiments on three datasets with
different resolutions, we demonstrate the effectiveness of the
proposed approach.

The rest part of this paper is organized as follows. In
Section 2 existing works are discussed. We review the GAN model
and orthogonal vectors in Section 3. MGO-GAN is demonstrated in
detail in Section 4. In Section 5 we show our experimental results.
Section 6 serves as our conclusion.

2. Related work

The problem of mode collapse has attracted a lot of attentions,
and many GAN variants are proposed to tackle this problem. Ac-
cording to the strategies these algorithms adopt, here we group
these studies into two categories.

Loss Function Creativity. The generated data distribution pg
cannot completely match the original data distribution p;, which
is caused by the joint consequence of |S divergence and the negli-
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gible overlapping area between p¢ and p;. If this overlapping area
is negligible, JS divergence becomes a constant (i.e., log2). The con-
stant loss cannot deduce a meaningful derivation for updating the
generator’s parameters, such that G cannot guarantee producing
plausible data. In this way, researchers attempt to modify the loss
function to address this problem. Wasserstein GAN [9] replaces the
JS divergence with Wasserstein distance, because Wasserstein dis-
tance [17] can measure the dissimilarity between p; and pr even
though the supports of them are disjoint. For approaching the
Wasserstein distance, WGAN adopts Kantorovich-Rubinstein duality
to transform the standard Wasserstein distance into a discrimina-
tor function (i.e., f;(x)), and the 1-Lipshitz continuity can guaran-
tee this transformation. For satisfying 1-Lipshitz continuity, M
has been limited to a specific range (e.g., (—0.01, 0.01)). However,
the optimal strategy is either to take the largest value (i.e., 0.01) or
take the smallest value (i.e., —0.01) for all parameters under such a
scenario, causing gradients vanishing or explosion. Moreover, only
certain optimizers (e.g., RMSProp or SGD) in WGAN are suitable for
optimization [9] but momentum based ones (e.g., Adam) may turn
the gradients negative.

Takeru et al. [11] proposed a novel weight normalization
method to achieve the 1-Lipshitz continuity, and it is termed as
spectral normalization GAN (SN-GAN). SN-GAN uses this spectral
normalization to control the Lipschitz constant of the discriminator
function f. To calculate the spectral normalization, SN-GAN adopts
Singular Value Decomposition (SVD) to get the largest singular
value and views this value as the spectral normalization, and uses

y;i to enforce the discriminator 1-Lipshitz continuity in which A4
1

indicates the largest singular value of W (weight matrix of discrim-
inator) and Wj; indicates a specific element within W. However,
such a strategy does not completely correspond to penalising the

spectral norm [18]. In addition, SN-GAN requires that each layer of
the network satisfies 1-Lipshitz continuity handled by \V/V—')\L such a
1

constraint causes that the generated instances are mapped into a
specific color sub-space, rendering all generated objects taking the
same color. This can also be viewed as mode collapse.

To produce diverse generated data, Localized GAN (LGAN)
[19] employs local coordinate chart G(x, z) around data point x
to learn local geometry near x, with its local coordinates z drawn
from a random distribution p,(z). The tangent vectors located at x
are employed to guarantee learning success. Note that a linear tan-
gent space formed by N tangent vectors would collapse if it is di-
mensionally deficient. To avoid this, the orthonormal counterpart is
utilized to prevent the collapse of the tangent space. In fact, LGAN
requires many assumptions which are not practical in real-world
applications. For example, the origin of the local coordinates z is
assumed locating at the given point x. It is not easy to achieve this
in practice, given that p,(z) is usually a simple, easy-to-sample dis-
tribution while p,(x) is a complex, high-dimensional distribution.
The noise code cannot fill in the whole high-dimensional distribu-
tion, resulting in no noise code around many points. In addition,
the generator of LGAN is made up of encoder-decoder, the gen-
erated data quality cannot be guaranteed (generated images are
blurred) [7].

Architecture Creativity. Given the fact that the single genera-
tor cannot capture all modes during training, some researchers at-
tempt to employ multiple generators to learn different information.
Tolstikhin et al. [20] trained a mixture of generators with boost-
ing techniques named AdaGAN. At every step, AdaGAN adds a new
component into a mixture model by running a GAN algorithm on
a reweighted sample, and it aggregates many potentially weak in-
dividual predictors to form a strong composite predictor. However,
sequentially training multiple generators needs more extra cost. In
addition, AdaGAN assumes that a single generator can produce im-
pressive images of some modes, so a mixture of generators can

cover the whole data space. Such an assumption is impractical in
the real world [13]. Arora et al. [21], alternatively, trained a mix-
ture of generators and discriminators to play the minimax game
with the reward function being the weighted average reward func-
tion between any pair of generator and discriminator. This strategy
is not only computationally expensive but also lacks a mechanism
to enforce the divergence among generators. Ghosh et al. [12] pro-
posed MAD-GAN, which is a multi-agent GAN architecture incorpo-
rating multiple generators and one multi-class discriminator. Not
only can this discriminator detect whether a sample is fake or not,
but also can predict which generator produces the sample. The loss
function in this study, however, focuses on detecting whether a
sample is fake or not and does not directly encourage generators
to produce diverse instances.

MGAN is recently proposed by Hoang et al. [13], which employs
a set of generators Gy. g, a single discriminator D and an extra clas-
sifier C to construct the architecture of MGAN. To train MGAN, a
novel minimax formulation is developed to establish among those
components. In MGAN, K generators altogether induce a mixture
distribution named pp.4. An index p indicates wuth generator
Gu(z), and p follows a multinomial distribution. MGAN utilizes ]S
divergence to handle equilibrium and mode collapse problems dur-
ing training. For K generators, MGAN aims to maximize the ]S di-
vergence among these generators. Generators implicitly hold dif-
ferent information if JS divergence is log2 among pg,, pc,. - - - Pgy-
Decreased ]S divergence between p; and pp,,q4e indicates generated
data approaching to original data. Since MGAN adopts “shared pa-
rameters” strategy to simultaneously train all generators, it tends
to hold the same parameters. Under such a scenario, all generators
in MGAN produce identical instances. In other words, MGAN can-
not well address the problem of mode collapse. More details are
shown in Appendix A.

3. Preliminaries
3.1. Generative adversarial network

Although Generative Adversarial Networks (GANs) [1] were in-
troduced in the introduction, we formally describe it below to es-
tablish continuity. GANs were developed by Goodfellow as a novel
generative model to simultaneously train a generator G and a dis-
criminator D using the following function:

mGin mglx V(G.D) = Eyp,(v[logD(x)]

+Ez~pz(z)[10g(1 —D(G(Z)))] (1)

where D indicates the discriminator, G indicates the generator, and
both are neural networks. x comes from a distribution p;(x) un-
derlying the original dataset and z comes from a pre-defined noise
distribution p,(z) which is usually an easy-to-sample distribution,
e.g., Uniform distribution with (-1, 1) or Gaussian distribution
with (0, 1). G tries to fool D into accepting its outputs as real by
maximizing its score D(G(z)), and this is achieved by the following
optimization function.

min V(G.D) = min(E, -, [log(1 - D(G(2)))]) )

Moreover, the discriminator D takes an input from either the
original dataset or the generator and produces a probability that
the input comes from the original dataset rather than G. In general,
the discriminator D strives to minimize the score it assigns to the
generated data G(z) by minimizing D(G(z)) and maximize the score
it assigns to the original data x by maximizing D(x). In this way,
the optimization function for D is shown as follows.

mDax V(G,D) = mDax(]EXNprm[logD(x)]

+ Ezop, »[log(1 — D(G(2)))]) 3)
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Fig. 2. P:(x) is the 5-Gaussian (coral clusters) and we assume in this case each Gaussian indicating a single mode. The example shows that the vanilla GAN maps the random
Gaussian to a certain Gaussian at different epochs (steel-blue cluster in sub-figures (a), (b) and (c)). Our proposed MGO-GAN captures all the five Gaussian modes as shown
in sub-figure (d). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

In this work, the discriminator and the generator are alterna-
tively optimized, and ]S divergence is utilized to measure the dif-
ference between p; and pg. JS divergence reaches its lowest value
as the discriminator and the generator reach the Nash Equilibrium
where D(G(z)) = D(x) = 0.5. The GAN model gets converged under
such a scenario.

3.2. Mode collapse

When a network maps a dataset into a latent space, the
mapped areas are different [7]. To obtain the generalization capa-
bility of GAN, we usually adopt the stochastic method (i.e., stochas-
tic gradient descent optimization or stochastic sampling method)
as training strategy. However, such a strategy implicitly indicates
that each time the neural network more easily tends to pick data
points from the larger areas than to pick data points from the
smaller areas in the latent space, given that the mapped data
points lie on areas with different sizes. Considering an extreme
scenario, the GAN model each time picks data points from the
largest region. Under such a scenario, the remaining modes ly-
ing on other areas are missed even though G produces realistic-
like data. Moreover, when G maps noise sampled from randomized
space Z into the original data space, such a mapping is not surjec-
tive [8,22]. This further deteriorates the capability of G to capture
different modes.

Moreover, the discriminator D actually discourages the GAN
model to capture all modes. On the one hand, D cannot give how
many modes are captured in real-world applications, because D
is only used to evaluate the probability that a sample is from
the original dataset rather than G. Therefore, judging whether all
modes are captured by G becomes a non-trivial task. On the other
hand, D always maximizes the probability of assigning the correct
label to both the original data and generated data (See Eq. (3))
during training [1]. In other words, D judges all samples generated
by G as fake (low probability for D(G(z))) even though G captured
some original data modes. To fool D, G searches for other modes
and tries to learn them. Since the mapping is not surjective, GAN
repeats such a cat-and-mouse game and cannot stop the training
process. Note that there is no countermeasure in Eq. (1) that ex-
plicitly forces generator G to get out from this scenario. Hence,
G has the tendency to produce identical but safe instances rather
than diverse but unsafe samples. Fig. 2 shows a cat-and-mouse ex-
ample. Moreover, we also validate our proposed MGO-GAN (5 gen-
erators are employed) in the same case. Obviously, our proposed
MGO-GAN captures all the five Gaussian modes (See sub-figure
(d)).

3.3. Orthogonal vectors

Orthogonal vectors [14,15] are referred to two or more vectors
whose inner product is 0, i.e., the vectors are perpendicular to each
other. If two non-zero vectors are orthogonal, they must be linearly
independent. The definition of orthogonal vectors is shown as fol-
lows.

Assuming V is a finite dimensional linear space in R, and vec-
tors o and B (o, B € R and « # ) are two non-zero vectors which
are defined in V. In this way, V is defined as the Euclidean space,
and the cosine of intersection angle (O(«, B)) between « and S is
defined as the orthogonal value which can be defined as Eq. (4).

(. B)
|1 8]

O(a, B) can loyally reflect the correlation between « and B.
The smaller the value of O(w, 8) is, the more different information
the two vectors contain. The motivations of adopting orthogonal
vectors are twofold:

O(a. p) = (4)

1. The orthogonal value indicates how different information
has been learnt by generators. The two vectors (@ and §) are
produced by an encoder which takes the outputs of two differ-
ent generators (G; and G;) as its input. The smaller the value
of O(a, B) is, the more information the two generators have
learned. Therefore, O(c, B) could be used as an indicator to
measure the difference of information learned by the two gen-
erators. We take the MNIST dataset as the example. Assuming
there are 2 generators (G;.G,), Gy has learned the digits ‘0’-‘4".
If G, has learned the same digits, the two encoded vectors hold
the homogeneous feature information after we feed all the gen-
erated instances into the encoder. Under such a scenario, @ ~ 8
and O(«a, B) holds a largest value. If G, has learned different
digits (e.g., figures ‘5’-'9’), the encoded vector () hold totally
different feature information, i.e., « # B. Under such a case,
O(«, B) holds a small enough value. In this paper, we assume
this small enough value as §. In this way, the orthogonal value
loyally reflects how different information has been learnt by
generators.

. The orthogonal value can be integrated into the training
of GAN. To guarantee that the orthogonal value can be min-
imized in the training of GAN, we minimize the orthogonal
value (O(«, B)) along with minimizing the generator loss with
back-propagation, and integrate the orthogonal value (O(«, 8))
with JS divergence > 0 to jointly update the parameters of
generators. This is because the orthogonal value (O(w, B)) sat-
isfies nonnegativity and Cauchy inequality [23] in the Euclidean
space.

In this manner, MGO-GAN enables multiple generators to learn
different information in a complementary and efficient way. In the
next section, we present our proposed MGO-GAN and give a theo-
retical analysis, essentially showing that the training criteria allows
multiple generators to learn different information.

4. MGO-GAN

As described in previous analysis, employing one single gener-
ator is hard to learn all modes of original data. To address this
problem, MGO-GAN employs multiple generators and orthogonal
vectors to learn those modes. In this way, there are two important
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issues to be addressed: 1) How the generators learn different in-
formation; 2) Will MGO-GAN converges to an equilibrium.

4.1. Theoretical analysis

We employ a set of generators Gy. g to jointly build a mapping
function that can map the random noise code z from randomized
space Z into the data space x. We define a prior distribution on Z
as p;(z) (e.g., Uniform with (-1, 1) or Gaussian with (0, 1)) where
the generators sample noise from. The original data follows a spe-
cific distribution which we term p,(x). As a GAN variant, MGO-
GAN still plays a minimax game, i.e., maximizing the discriminator
D and minimizing the generators Gy. k. Different from the vanilla
GAN, each generator in MGO-GAN is encouraged to focus on such
the information while other generators do not hold. In this way,
the objective function of MGO-GAN can be defined as follows:

nGlin mlsaxV(G1;K, D) = Eyp,v[logD(X)]
1:K

1 K
+ 2 Y Bspllog(l - D(Gi(2)]
i=1

+%ZKO(E(GI-(Z)),E(GJ-(Z))) (5)

i#]

where K indicates the number of generators and A indicates a
coefficient. E indicates an Encoder which is used to extract the
feature vectors of generated data produced by K generators, such
that the feature vectors are mapped into the same space to be
calculated the corresponding orthogonal value. For the last term
Y- AO(E(Gi(2)),E(Gj(2))), i, j belong to the range of [1, K] while
i#]

i # j. In MGO-GAN, D still tries to maximize the probability of as-
signing the correct label to both training and generated samples,
and G tries to fool D into accepting its outputs as real data by
maximizing its score D(G;. x(z)). The optimization formulas for D
and Gy. ¢ are shown as follows:

max V(Gi:x. D) = Exp,(x[log D(x)]

K
2 D Ee o llog(1 - DG@)]
i=1

. 1
min V(Gix,D) = K E E;p,»[log(1 — D(Gi(2)))]
1:K l=1

N % Y AO(E(Gi(2)). E(G;(2)))

i#]

Each generator G; implicitly defines a probability distribution
pg, as the distribution of the generated samples G;(z), K genera-
tors altogether induce a mixture distribution to fit p,. We consider
the optimal discriminator D for generators Gy. . Assuming the dis-
criminator D has enough capacity, we show below that the optimal

. . e . PG, +DG, +- D
discriminator D is at the equilibrium point p, = —1——2"""%K

Proposition 1. For Gy. ¢ fixed, the optimal discriminator D is:

* _ pr
Dr(x) = Dr + Pcl+pczK+...+pcK (6)

Proof. The training criterion for the discriminator D, given a mix-
ture of generators Gy, Gy, .., Gk, is to maximize the quantity
V(Gy: k. D).

V(Gix.D) = [ pi() logD(x)dx
+ ([ petar1ogl1 - DG @)z
+ [ pet@)1ogl1 - D(Ga2))dz
+.o+ [ pe(2)logl1 - D(Ge(@))dz)
= [P0 10gD() + o, () logl1 — D)
+ 1Pe, (9 logl 1~ D))

1
+...+ K Pex (x)log[1 — D(x)]dx

= [P0 logDo
X
L Paw K + PG log[1 — D(x)]dx
O
We compute the partial derivation of a‘g(DD(%)), and get DIZ;) =

+pG,+-+ . . .
%W. In this way, it can be easily seen that D

achieves its maximum in [0,1] at Hence,
br

Pr
pGl (x)*l’cz (x)*'“*pGK(x) .
+ K
Eq. (6) is obtained, and the optimum of Eq. (6) is % when p; =
bg, +Pc,

%. Based on Proposition 1, we substitute Eq. (6) into
the Eq. (5), we get:
C(Gix) = mng(clzks D)
= IEx~p,(x)[10g D* (X)]
1k
+ E ZEz~pz(z)[10g(1 -Dr (Gz(z)))]
i=1

+ % 3" LO(E(Gi(2)). E(G;(2)))

i

~ —2log2 +KL<pr||

PG, D
+I<L<pc] +'I'<'+pc’<||pr+cl"ck> 44

PGy +Pg, +---+DPg,
pr+ 1 21( K
2

2

||pcl +p(;2+...+pck>+8 7)

K
where KL indicates Kullback-Leibler divergence [24] and JSD indi-
cates the Jensen-Shannon divergence [25]. From Eq. (7), we can see
that the training criterion is determined by both components (i.e.,
generators (Gq. ) and orthogonal value (O(E(G;(2)), E(G;(2))))).
In the early steps of training, the difference between p, and
Pe TPe P s large. O(E(Gi(2)). E(Gj(2))) is also large. This
is because the generated data are basically noise in the first
few epochs. As the epochs increase, generated data approxi-
mates original data and the orthogonal value becomes small.
This is achieved by training criterion with back-propagation
through V(g log(1 - D(G;, (2))) + O(E(G;, (2)). E(Gj, (2)))) in a
similar way as vanilla GAN, j € 1: K and j # i. The smaller or-
thogonal value reflects generators learning different information. If
each generator learns the information while other generators do
not hold, the orthogonal value is the minimum. Here, we assume
the minimum as §. A detailed derivation of Eq. (7) is shown in
Appendix B.

— _2log2 + 2]5D<pr

Theorem 1. The global minimum of the virtual training criterion V(G)

. . . . PG, PG, +---+Dg
is achieved if and only if pr = ——2%——X and each generator
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captures information which other generators do not capture. At that
point, V(G) achieves the optimal value —21log2 + 6.

+ +..+ .
Proof. For p; = %;p D*(x) = % according  to
Eq. (6). Then, pr=—1"% """k s substituted into the

Eq. (7)., we get C(G)=—2log2+JSD(p,||PotPe Py |

O(E(Gi(2)),E(Gj(2))),1,j e [1,K],i#j. The JS  divergence
between original data distribution and mixture distri-
bution of generated data is always non-negative and

.. PG, +DG, +-tD
reaches the minimum O only when pr:w’

JSD(py|| Per P T Pac 0. In MGO-GAN, the orthogonal
value is minimized along with minimizing the generator loss
with V(4 log(1 - D(Gy,(2))) + O(E(Gy, (2)), E(Gj, (2)))). In other
words, the orthogonal value is gradually decreased when the
generator loss is decreased. Note that the orthogonal value is then
integrated with generator loss to jointly update the parameters of
this generator. The generator gradually holds such an information
while other generators do not hold. The orthogonal value would
be minimum when ]S divergence reaches the minimal status.
Under such a scenario, V(G) = —2log2 +4§. O

Note that one single generator usually causes that the gener-
ated data distribution p; holds a negligible (or even none) over-
lapping area with original data distribution p;. Given Vg,;,(G) =
—21log2 + 2JSD(pr||pg), JSD(prlpg) =log2 if p; and p; holds a
negligible overlapping area [1,26]. Under such a scenario, V,gpiia(G)
equals to 0. In other words, the gradients of generator G disappear,
and G cannot get updated. However, our proposed MGO-GAN can
avoid this problem. We now state this properly in the following
Theorem.

Theorem 2. The gradients vanishing problem could be avoided in
MGO-GAN, and the generators still get updated even though the mix-
ture distribution (i.e., pm) deduced by all generators has a negligible
overlapping area with original data distribution p;.

Proof. For MGO-GAN, V(G) = —2log2 + 2JSD(pr||pm) +
O(E(Gi(2)),E(Gj(2))). Assuming the mixture distribution pp
has a negligible overlapping area with original data dis-
tribution p, at a certain epoch, JSD(pr||lpm) still equals to
log2, such that —2log2 +2JSD(pr||pm) equals to 0. However,
O(E(Gi(2)),E(Gj(2))) is not equivalent to 0 under such a scenario.
Hence, V(G) is also not equivalent to 0, such that the generators
still get updated. Therefore, the gradients vanishing problem could
be avoided in our proposed MGO-GAN. O

The pseudo-code of MGO-GAN algorithm is formally presented
in Algorithm 1. Our generators and discriminator architectures
are from vanilla DCGAN [27], and the details of components still
adopt Conv-BatchNorm-ReLu [28] (Generators Gi.k) and Conv-
BatchNorm-LeakyReLu [29] (Discriminator D). In Algorithm 1, E in-
dicates an Encoder which abstracts the feature information of gen-
erated instances. O;4, indicates the orthogonal value among the
current generator (G;qy,) and other generators (G;, i # idx and i € [1,
K1), ie., O(D(Gigy(2)). D(Griigx—1.iaxs1:x(2))). After that, we inte-
grate the orthogonal value O;4, with the original generator loss to
update the parameters of the corresponding generator (G;gy). The
other generators also adopt the same strategy to calculate the or-
thogonal value and to be updated. The architecture of our proposed
MGO-GAN is shown in Fig. 3.

4.2. Convergence of Algorithm 1

Proposition 2. Assuming all generators deduce a mixture of distribu-

. PG, +Pg, +---+D .. . .
tion pm = w and D is in the optimal status given Gy. g

if D has enough capacity, then p, converges to py.

Algorithm 1 MGO-GAN.

[EGHIEGig )T |

Input: Original samples; noise z;
Output: Simulation data.
def Cal-Orthogonal(idx,K):
0=0
for 1:K do
04 = ’ EGEGa) | gy 2

return O

Adam optimizer and BCE loss function are adopted. The quantity
of generator is K, and m indicates mini-batch samples.
E represents the Encoder.
for number of iterations do

 Sampling minibatch of m noise samples z!,...,z™ from p,(2).

« Sampling minibatch of m original samples x!,.. x™ from real
dataset.
Updating the parameters of D by ascending its stochastic
gradient.
o Vo, X M{logD(xD) + L log(1 - D(Gyx(z1)))}.
« Sampling minibatch of m noise samples z!, ..., z™.
Iteratively calculating the orthogonal value O;4, =
Cal-Orthogonal(idx,K) on each generator (G4 ), idx € [1 : K].
Updating the generators’ parameters and minimizing the
orthogonal value by descending its stochastic gradient.

Vo, m 21§ 10801 = D(Gigg, @) + O(E (Gigy, (")),

E(Gj, (2")))}, je1:K and j # idx.

end for

Proof. Considering V(Gy.x, D) = U(pm,D) is a convex function in
pm obtained from the optimization functions, i.e., Eqs. (6) and (7).
The subderivatives of a supremum of convex functions include
the derivative of the function at the point in which the maxi-
mum is obtained. That is to say, if f(x) = supgeafo (x) and fu(x) is
convex in x for every «, then dfg(x) € df if B = argsupgeafo(x).
According to Sion minimax theorem [30], let p, and p; be
non-void convex and compact subsets of two linear topological
spaces, then rGr:1’r<1 mng(GlzK, D) > mSXfGT:iI?V(Glsz D). We can de-

duce each time computing a gradient descent update for p;, given
a set of generators Gy. ¢ and an optimal D. suppU(pm, D) is con-
vex in pp with a unique global optimum as proven in optimization
process, therefore with sufficiently small updates of pm, pm con-
verges to p;. O

5. Experiments

For the experiments, three commonly used public datasets,
MNIST, CIFAR10 and CelebA, are studied. The MNIST dataset con-
tains 60,000 gray-scale images with size 28 x 28. CIFAR10 and
CelebA respectively contain 50,000 and 10,000 RGB images. In CI-
FAR10, the size of each image is 3 x 32 x 32, and that size is
3 x 178 x 218 in CelebA. Both MNIST and CIFAR-10 datasets
are labeled with 10 categories. The CelebA dataset has no explicit
labels.

Based on the selected datasets, the neural network settings of
MGO-GAN components are shown in Fig. 4. Note that each gener-
ator in MGO-GAN holds the same setting. They sample noise from
the standard Gaussian distribution (0, 1) (p.(z)). Since WGAN |[9],
SN-GAN [11], LGAN [19] and MGAN |[13] are representatives of GAN
variants on addressing the problem of mode collapse, they are em-
ployed as the baselines in this study. For all models, we adopt the
same hyperparameters (e.g., Epoch = 200) and the same running
environment (e.g., Pytorch framework). As to the length of encoded
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Fig. 3. The architecture of our proposed MGO-GAN in which a set of generators (Gy. ), an Encoder (E) and a discriminator (D) are employed. Dotted arrows indicate sampling
from a specific distribution. E can help produce feature vectors (E(G;(z))), which is used to calculate the orthogonal values (O;) via inner product that is marked by the cyan
line. The orthogonal value is integrated into the corresponding generator loss to update the corresponding generator’s parameters, which is marked by the red line. All
generators deduce a mixture distribution to approximate the original data distribution. (For interpretation of the references to colour in this figure legend, the reader is

referred to the web version of this article.)
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Fig. 4. Architectural details of MGO-GAN for MNIST, CIFAR10 and CelebA datasets. We use Adam gradient method [32] and BCE to update the parameters of all components.
The parameter of LeakyRelu [29] is set to 0.02 and that of Dropout [33] is set to 0.5.

vector, we set the feature vector size to 10 in our experiments.
Note that the relative performance of model is not sensitive to dif-
ferent feature vector sizes [31]. Besides, we conduct experiments
on MNIST with feature vector size set to 20, the performance is
similar to the case with feature vector size set to 10.

5.1. MNIST

MNIST dataset contains 10 categories from figure ‘0’ to figure
‘9", We first validate our proposed MGO-GAN on this dataset and
compare experimental results with baselines. For MGAN and MGO-
GAN, two generators are employed. Since MGO-GAN adopts or-
thogonal value to guide multiple generators to learn different in-
formation, and this is achieved by minimizing the orthogonal value
along with minimizing the original generator loss, we illustrate the
orthogonal values as shown in Fig. 5. Here, MGO-GAN produces the
generated images at the nadir, which is marked by red ellipse. This
is because smaller orthogonal value implicitly indicates that gen-
erators hold more different information. The generated images of
MGO-GAN are shown in Fig. 6(e), and other sub figures ((a)-(d))
show the generated images of baselines.

The first five rows of sub-figure (d) and sub-figure (e) are from
the first generator of MGAN and MGO-GAN, while the last five
rows are from the second generator of both models. In Fig. 6, we
can see that our proposed MGO-GAN outperforms other models.
The generated images produced by WGAN lack figures ‘4’, ‘5’ and
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Fig. 5. The red ellipse indicates the minimal orthogonal value during training on
MNIST dataset. At the nadir of the orthogonal value, MGO-GAN is finalized for gen-
erating synthetic images which are shown in Fig. 6(e). (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version
of this article.)

6’, while the samples generated by SN-GAN and LGAN hold low
quality. As for MGAN, there exist many identical instances. In addi-
tion, MGAN does not capture the figures ‘0", ‘1’, ‘2, ‘3’ and ‘9. This
is because MGAN utilizes the shared parameters strategy to train
model, which causes generators learning same modes. In MGO-
GAN, all categories are captured with diverse synthetic instances.
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Fig. 6. Generated images by baselines and MGO-GAN. For MGAN and MGO-GAN, we employ 2 generators and each generator produces 50 samples in this case. The first
five rows show the outputs of one generator and the last five rows show the outputs of another generator. As to SN-GAN, LGAN and WGAN, each of them produces 100

instances.

Table 1

MNIST scores and FID scores of generated data on MNIST

dataset.
Model MNIST Score FID Score
WGAN [9] 6.006 75.806
SN-GAN [11] 6.514 61.153
LGAN [19] 6.760 83.278
MGAN [13] 7.176 124.427
MGO-GAN 7.454 59.369

The features (e.g., shape or angle) are different even within the
same category. In addition, the experimental results also show that
the generators of our proposed MGO-GAN learns different modes
from each other. For generator one of MGO-GAN (the first five rows
in sub-figure (e)), all figures are captured except for ‘5’; but the
generated instances from the second generator (the last five rows
in sub-figure (e)) do not hold the figure ‘2’. However, the combi-
nation of generated images from the two generators captures all
modes of data, which shows the effectiveness of MGO-GAN on ad-
dressing the problem of mode collapse.

To quantitatively evaluate the quality and the diversity of gen-
erated images, we adopt the MNIST Score [34]| and the Frechet In-
ception Distance Score (FID Score) [35]. MNIST Score is similar to
Inception Score but using a classifier adapted to the MNIST training
data instead of the Inception network [34]. For FID score, a lower
value denotes more diverse generated images, and FID score be-
comes higher when generated instances are lack of diversity. This
is because FID score is sensitive to mode collapse [35]. Assuming
that original data distribution and generated data distribution are
both multivariate Gaussian distributions, FID measures the Frechet
distance, which is also the 2-Wasserstein distance, between the
two distributions. The MNIST scores (the higher the better) and
the FID scores (the lower the better) are shown in Table. 1. Ob-
viously, our proposed MGO-GAN outperforms baselines in terms of
achieving the highest MNIST score and the lowest FID score.

Since two generators capture few modes of data and produce
many identical instances in MGAN, one may wonder whether the
performance of MGAN could be improved by employing more
generators while each generator is required to produce fewer in-
stances. Thus, we conduct a pair of experiments in which the num-
ber of generators is set to 5 or 10, and each generator is only al-
lowed to produce 10 instances for both MGAN and MGO-GAN. The
generated images are shown in Fig. 7, and the samples at each
row are generated by the same generator. Obviously, MGO-GAN
still outperforms MGAN on both quality and diversity of gener-
ated samples. Specifically, the samples generated by MGAN contain
many identical instances. In 5G case, G3 and G4 of MGAN learn
the same category. In 10G case, G, Gg and Gg, Gig of MGAN also
learn the same category. Also, the synthetic images produced by
one generator in MGAN are basically identical, showing poor di-
versity. For 10G case of MGO-GAN, G; tends to capture the mode

Table 2

Inception scores and FID scores of generated data on CIFAR10.
Model Inception Score FID Score
WGAN [9] 4.035 218.195
SN-GAN [11] 3.905 229.135
LGAN [19] 2.896 293.714
MGAN [13] 5.087 225.499
MGO-GAN 6.130 198.894

‘5’; G, tends to produce modes ‘1’ and ‘2’; G5 tends to generate
mode ‘7’. Moreover, the generated figures within the same cate-
gory present different angles and shapes, which shows the diver-
sity. The union of all generated instances covers all categories. The
same scenario also appears in 5G case. This is one more strong ev-
idence to show the attractive property of MGO-GAN that multiple
generators are able to capture diverse modes in a complementary
manner due to the adoption of orthogonal vectors.

5.2. CIFAR10

We proceed to validate the baselines and our proposed MGO-
GAN on CIFAR10 dataset. Similar to MNIST, MGAN and MGO-GAN
adopt 2 generators to produce synthetic instances, and MGO-GAN
still produces generated images at the nadir of orthogonal value
during training. The orthogonal values are shown in Fig. 8, and the
generated images for all models are shown in Fig. 9. For SN-GAN,
the generated objects take the same color. This can also be seen as
mode collapse. In this case, those images are slight hue into green.
Since the generator of LGAN is made up of encoder-decoder, the
generated images are blurred, holding the lowest quality among
GAN variants. For MGAN, only part of modes in training data
are captured while a lot of modes are missed. Inception scores
[36] and FID scores achieved by MGO-GAN and other GAN variants
are reported in Table. 2. The experimental results further confirm
the significant performance improvement of MGO-GAN over base-
lines.

5.3. CelebA

Given that each image in CelebA dataset is rectangle, we re-
shape all images to the size 3 x 128 x 128 for conveniently train-
ing networks. Similar to MNIST and CIFAR10 cases, we employ 2
generators for MGAN and MGO-GAN, and each generator produces
8 instances for convenient observation. Moreover, MGO-GAN still
produces synthetic images at the nadir of orthogonal values which
are shown in Fig. 10. The generated images for all models are
shown in Fig. 11, and the FID scores are shown in Table 3. Still,
our proposed MGO-GAN outperforms baselines. Although CelebA
dataset has no label, it can still be differentiated with specific char-
acteristics (e.g., rouging lips or not), and these characteristics can
be used to demonstrate the diversity of generated data.
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By comparing MGO-GAN with baselines, we can observe that
the generated images produced by SN-GAN still fall into a spe-
cific color sub-space. In this case, those images take the gray color.
LGAN seems like to show different styles of one object. In addi-
tion, the quality of generated images is not satisfactory. In MGO-
GAN, the scenario in which different generators learn different in-
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Fig. 10. The red ellipse indicates the minimal orthogonal value during training
on CelebA dataset. At the minimal point, we select the generated image which is
shown in Fig. 11(e). (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

formation can be clearly observed. For instance, the first genera-
tor learned the features of a girl with lipstick (row 1, column 4
and row 2, column 3) while another generator learned the fea-
tures of a girl with eye-shadow (row3, column4). This case also
implicates the complementary manner playing an important part

(d) MGAN (©) MGO-GAN

Fig. 9. Generated images by baselines and MGO-GAN. Similar to MNIST, the first five rows show the outputs of one generator and the last five rows show the outputs of

another generator for MGAN and MGO-GAN.
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(a) SN-GAN (b) WGAN

(c) LGAN

P
(d) MGAN

(e) MGO-GAN

Fig. 11. Generated images by baselines and MGO-GAN. In this case, the first two rows show the outputs of one generator and the last two rows show the outputs of another

generator for MGAN and MGO-GAN.

Fig. 12. The first generator G1 focuses on generating synthetic images with lipstick, while the second generator G2 basically produces images with glasses.

Table 3

FID scores of generated data on CelebA.
Model FID Score
WGAN [9] 270.666
SN-GAN [11] 223.719
LGAN [19] 273.759
MGAN [13] 446.141
MGO-GAN 189.188

during training. As to WGAN, it does not loyally reflect diversity.
For example, there is no one rouging his/her lips.

Given each generator in Fig. 11 only producing 8 images and the
salient characteristics contained by generated images may not be
supportive to show that different generators capture different in-
formation, here we encourage each generator producing 50 images
in our proposed MGO-GAN. We utilize the statistics % (here
n =50 and object refers to salient characteristics within an im-
age) to count such generated images which contain salient char-
acteristics (e.g., lipstick, eyeshadow, beard) captured by one gener-
ator while other generators do not hold. The generated images are
shown in Fig. 12. From Fig. 12, we can observe that the first gener-
ator G1 focuses on generating synthetic faces with lipstick (%
= 22%), while the second generator G2 basically produces faces
with glasses (% = 28%). Moreover, G1 generates the faces with
double chin (row 3, column 1 and row 5, column 10, M
=4%) and with bangs (row 1, column 3 and column 5 as well as
row 5, column 6, % =6%); G2 generates the faces with eye-
shadow (row 2, column 10 and row 4, column 8 as well as row
5, column 9, w =6%) and with beard (row 2, column 1, %
=2%). This further demonstrates that the our proposed MGO-GAN
can guide different generators capture different information in a
complementary manner.

5.4. Discussion

The crucial point of employing multi-generator to address the
problem of mode collapse is how to prevent generators learn-
ing the same modes. If there is no constraint, the performance

of multi-generator would degenerate to the single generator case,
such that the mode collapse still exists. In this paper, we propose
a new approach to training multi-generator model to complemen-
tary learn different information of data with orthogonal vectors.
The smaller orthogonal values reflect a lower correlation of infor-
mation between two generators and a greater diversity of infor-
mation between them. To minimize the correlation, we minimize
the orthogonal value along with minimizing the original generator
loss with back-propagation. Afterwards, we integrate the orthog-
onal value with the generator loss to update the corresponding
generator’s parameters. This results in a model which generates
higher-quality and more diverse objects (See Fig. 6, Table 1, Fig. 7,
Fig. 9, Table 2, Fig. 11, Table 3 and Fig. 12). In addition, our pro-
posed model can avoid the case of JSD(pr||pg) = log2. This means
that MGO-GAN can also address the vanishing gradient problem.

6. Conclusion

In this paper, to deal with the problem of mode collapse, we
propose the MGO-GAN, which adopts multiple generators to learn
different information of data with orthogonal vectors. To validate
our proposed model, extensive experiments are conducted using
MNIST, CIFAR10 and CelebA datasets. Both empirical and quanti-
tative studies on generated images demonstrate the following ca-
pabilities of our proposed MGO-GAN. (i), MGO-GAN is capable of
generating diverse and high quality instances at different resolu-
tions (e.g., 28 x 28 for MNIST and 128 x 128 for CelebA). (ii),
multiple generators of MGO-GAN are able to learn diverse modes
in a complementary way. (iii), MGO-GAN outperforms other GAN
variants in terms of achieving the highest MNIST score and Incep-
tion score and the lowest FID score.

For the success of MGO-GAN, one factor is the implicit assump-
tion that throughout this work the training data modes are discon-
nected in the mapping space. Therefore, we would be interested
in verifying this assumption in real-world application datasets, and
studying the topological properties of these datasets in general in
our future works. Moreover, it is worth to investigate how to make
the discriminator being capable of assessing the diversity of gener-
ated data rather than only estimating the probability that current
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samples were from training dataset or the generator, which would
remain as exciting future paths for research in GAN community.
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Appendix A. MGAN becomes the vanilla GAN
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where H(p) indicates the Shannon entropy for distribution p, and
the last term of this equation is a constant. If each generator in
MGAN learns the homogeneous information, the value of H(p) is
the same. In this way, the difference of first two terms is 0. Thus,
L(Gq.x) can be rewritten as:

L(G1x) = J(G,C", D)
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Since mylogm, is a constant in MGAN, L(G;) is basically
equivalent to the vanilla GAN loss function under such a scenario.

Appendix B. Proof of Eq. (7)

K
V(Gi:x) = Exep,x[log D* ()] + Il? ZEZ~pZ(z)[10g(1 - D*(Gi(2)))]
i1

N % Y AO(E(Gi(2)). E(G;(2)))
i#]j
DPr

DG, +PG, +---+Pcy
Pr 4

1 PG, +Pc, +--+Pgy

— S —
+ KEchl log b + P +pc2K+~--+pc,<

= Ex-p, log

1 PG, +Pc, +--+Pcy
K

S N ] S

n % 3 AO(E(Gi(2)). E(G;(2)))

i#]
Dr
/ br log pcl+pcz+ +Poy dx
PGI+PGZ+ +PGy
1 log——X —_d
% chl 08 b+ pc1+pcz+‘..+pc,< X

PGy +P6, +--+Pg. +Pcz+ +Pay
/ Pe, log pcl+pcz+ e, X

i Zm(li(@(z)), E(G;(2)))

i#]
_ Dr
- /Pr Ing pcl+pcz+ +Dey

Pg, +P62+ +Pey
K
PG, +Pc, +--+Pg
pr + P
PG, +Pc, +--+Pc
log——K  __dx
Dr

PG, +Pc, +--+Pgy
+ =%

1
+ X Pc, log

1
+ RPGK

n % 3 AO(E(Gi(2)). E(G;(2)))

i#]j
= / pr log pcl+pcz+ TP,
Pg, +Pc, +--+DPg,
+PGI+PGZ+ --+PGKlog =

K

dx
Pc, +Pc, +-+Pay
+ ﬁ

n % Y AO(E(Gi(2)). E(G;(2)))

i#]
= /pr lOg p +pGZ+ +pCK
PG, +Pc, +--+Pg
" PG, + P, +-- -+ Pgi log — K

K

PG, TPG, TPy
br K

~210g2 + 3 3" AO(E(Gi(2). E(G;(2))

i#]
~ —2log2 + 2JsD(p:|| P& “"32;{“ -+ PG
1
) ZM?(E(G:‘(Z)), E(Gj(2)))

2]

where  O(E(Gi(2)), E(G;(2))) = % i # j and
1 <i#j=< K OE(G2),E(G;(2))) is minimized along with
minimizing the original generator loss, and this is achieved
by training the criterion with back-propagation through
V(1 log(1 = D(Gy, (2))) + O(E(Gy, (2)), E(Gj, (2)))) in a similar
way as vanilla GAN, j € 1: K and j # i. With the epochs increase, G;
gradually hold the information which other generators less hold,
and this is implicitly reflected by O(E(G;(2)),E(Gj(2))),je1:K
and j # i, i.e, the value of O(E(G;(2)).E(G;j(2))) becomes smaller.
Assuming generator G; finally holds such an information while
other generators do not learn, the value of O(E(G;(2)), E(G;(2))) is
smallest. Here, we term such a smallest value as §. Thus, V(Gy. )
can be rewritten as:
V(Grx) = —2log2 + 2JSD(py|| 2P Py s
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